Let Ibea Banach space, B x its closed unit ball. We study several topological properties of B x with its weak topology. In particular, we consider spaces X such that (B x , weak) is a Polish topological space. If X has RNP and X* is separable, then B x is Polish; if B x is Polish, then X is somewhat reflexive. We also consider spaces X such that every closed subset of (B x , weak) is a Baire space. This is equivalent to property (PC), studied by Bourgain and Rosenthal.
1. Introduction. Let X be a Banach space, and B x the closed unit ball. It is well-known that B x is metrizable in the relative weak topology of X precisely when the dual space X* is norm separable. Moreover, (B x , weak) is compact metrizable precisely when X is separable and reflexive. Here Property (PC) states that for every weakly closed bounded subset A of X, the identity map (A 9 weak) -> (A, norm) has at least one point of continuity. (The letters "PC" stand for "point of continuity".) Property (PC) is a consequence of the Radon-Nikodym property.
Examples of spaces satisfying Theorem A include: spaces with separable second dual (such as separable quasi-reflexive spaces), the predual of the James Tree space [30] , [38] (but not JT itself), and the James-Lindenstrauss spaces JI^S) modelled on separable Banach spaces S [29] , [36] . On the other hand, if Xcontains an isomorphic copy of c 0 or /\ then (B x , weak) is not Polish. An example of Bourgain and Delbaen [5] satisfies Theorem A, but has dual space isomorphic to I
1 . There is a natural non-metrizable version of the Polish property. A completely regular Hausdorff space T is said to be Cech complete iff it admits a complete sequence (<% n ) of open covers. Here completeness is defined as follows: if IF is a family of closed subsets of T such that !F has B ± = {x e X: (χ 9 b) = 0 for all b e 5}.
Occasionally, we will need to refer to more than one topology in the same argument. We write wcl(^4) for the closure of A in the weak topology, and w*cl(^4) for the closure in the weak* topology of X**. If X is a Banach space, we write X <^ I 1 if X has a closed subspace isomorphic to the space Z 1 , and X ^° Z 1 if not. In this paper we are primarily concerned with topological properties of the weak topology on a Banach space X or its subsets. Some classical results in this direction are:
(1) X is reflexive if and only if (B x , weak) is compact, or (equivalently) (X 9 weak) is σ-compact ([14, V. 4 Corson [8] initiated the detailed study of (X, weak). Godefroy [21, 22] used the Cech complete and Polish properties of (B x , weak) in his study of unique isometric preduals. Some of the Banach space ideas used in this paper are discussed in [15,16].
2.1. DEFINITIONS. Let X be a Banach space.
(1) The space X is weakly compactly generated (WCG) iff there is a weakly compact subset whose linear span is dense in Z(see [37] ).
(2) The space X is somewhat reflexive iff every infinite-dimensional closed subspace contains an infinite-dimensional reflexive subspace. If a space is somewhat reflexive, then it cannot contain c 0 or I 1 . The converse is an important open question.
(3) The space X is an Asplund space iff every separable subspace of X has a separable dual space. It is equivalent to require that X* have the Radon-Nikodym property [50, 51] . Asplund spaces have a topological characterization: the space X is an Asplund space iff every separable subset of (B x , weak) is metrizable, or iff every Radon measure on (B x , weak) has metrizable support.
TOPOLOGICAL PROPERTIES OF BANACH SPACES 321 (4) The space X is a Godefroy space iff (a) X* is separable; (b) X* ^Z 1 ; and (c) X x is weak* separable in X***. Note that X x = (X**/X)*, and the weak* topology on X 1 -in this pairing coincides with the relative weak* topology of X***.
(5) The space X is separably distinguished iff there is a (norm) separable subspace Y of X* such that if * x |7 = then x** e X. It is equivalent to require that 7 1 c I** be a subspace of X.
(6) The space X has property (PCA) iff X has property (PC) and X is an Asplund space. (7) The space X has the Radon-Nikodym property (RNP) iff for every non-empty bounded set A, and every ε > 0, there exists a linear functional x* Gl* and scalar a such that A Π {x: (x, x*) > a} is non-empty and has diameter less than ε. (Other equivalent definitions are discussed in [13] .)
Some of the relationships among these properties are shown in Figure  1 . Several examples and counterexamples are discussed in §6.
Some special properties of the spaces c 0 and I 1 will be useful. Kerstan [34] studied spaces that are Cech complete and Lindelόf. Such spaces are characterized among the completely regular spaces T by each of the following: (1) If S is any compactification of Γ, then S \ T is a countable union of compact G δ subsets of S; (2) T admits a perfect map onto a Polish space; (3) T is homeomorphic to a closed subset of R N X K, where K is compact. From Theorem B, the Cech complete ball of a Banach space satisfies (3) for an Eberlein compact K.
The proof of the following proposition is left to the reader. Note that (2) is clearly preserved by linear homeomorphisms.
PROPOSITION.
The following are equivalent conditions on a Banach space X: (1) (B x , weak) is Cech complete; (2) X is a G δ -set in (X**, weak*); (3) B X **\B X is weak* σ-compact; (4) X**\X is weak* σ-compact.
DEFINITION.
A Banach space X has regularly embedded Cech complete ball iff B X **\B X = U^= 1 K n9 where each K n is weak* compact convex and d(K n , X) > 0.
Here d(K n , X) is the distance from K n to X, defined by inf{ ||y -x\\\ y e K n , x G X). This property is preserved by linear homeomorphisms. Indeed, if C x is the closed unit ball for an equivalent norm on X, with = c x** n {™Bχ** \ mB x ) = U (Q** Π where each C x ** Π m^ is weak* compact convex, and has positive distance from X with respect to the new norm. We do not know if Definition 2.4 is equivalent to the same condition with "d(K n , X) > 0" deleted. Note that if x** is a point in X** whose distance r from X is not attained, then [y**: \\y** -JC**|| < r) is a weak* compact convex set with zero distance from X.
DEFINITIONS. Let
Kbe a compact Hausdorff space.
(1) K is an angelic compact (also called a compact Frechet space) iff the closure of every subset A is the set of limits of sequences from A.
(2) K is an Eberlein compact iff K is homeomoφhic to a weakly compact subset of a Banach space (see [37] ).
(3) K is a Rosenthal compact [23] iff K is homeomoφhic to a pointwise compact set of functions of first Baire class on a Polish space.
The Odell-Rosenthal Theorem [43] asserts that if X is a separable Banach space and X ^Z 1 , then K = (B x **, weak*) is a Rosenthal compact with respect to the Polish space (B x *, weak*). Every compact metric space is both Eberlein and Rosenthal compact, and each of these is angelic. The product of two Eberlein compacts is an Eberlein compact, and the product of two Rosenthal compacts is a Rosenthal compact. While the product of two angelic compacts need not be angelic, we do have the following result (cf. [24, Th. l(d)]). Proof. (2) => (1). Since (X, weak) is topologically isomorphic to (i?, weak) X (S, weak), the unit ball (B x , weak) is homeomorphic to a closed subset of (B R , weak) X (B S9 weak). The topological property of Cech completeness is preserved by closed subsets and countable products [1, p. 14].
THEOREM. // K is an Eberlein compact and L is a Rosenthal
(1) => (2) . Choose (U n ) and (F n ) as in 3.1, and let G be the closed linear span of U^= 1 F n in X*. Then G ± is a weak* closed subspace of X**, and G ± c Π^= 1 U n = X. Since the ball of G ± is σ(X**, X*)-compact, this makes i? x = G" 1 a reflexive subspace of X Since (X/i? 1 )* = G is separable, X//?χ is separable. Let S\ be a separable subspace of X that maps onto X/i?! under the quotient map. Thus R λ + S τ = X. Now X is WCG, since X is the closed span of B Rι + ^4, where A is a sequence converging to 0 in SΊ with span dense in S λ . By a theorem of Amir and Lindenstrauss [2] , there is a separable subspace S of X such that S\ c 5 and 5 is complemented in X Hence X is isomorphic to R θ S, where /? = Ays = (X/S^/XSySΊ). But X/S λ is a quotient of R v so i? is a quotient of i? 1? and thus R is reflexive. Finally, S is separable and has Cech complete ball, so it has Polish ball by 3.2.
D Note that Theorem B shows that a space X with Cech complete ball is WCG. Also, X* = R* θ S* 9 where Λ* is reflexive and S* is separable, so X* is WCG.
3.3. EXAMPLE. The space c 0 has separable dual, but its ball is not Polish. Indeed, the ball of c 0 is not a Baire space in the weak topology: it can be expressed as U^= 1 A n , where each
is closed and nowhere dense. But if c 0 is renormed using Day's norm [11, p. 94], which is locally uniformly convex, then the unit sphere is a dense G δ Polish subspace of the ball, so the ball is a Baire space.
The following result is due to Godefroy.
THEOREM. A Godefroy space has Polish ball.
Proof. Recall that a Godefroy space X has these three properties: X* is separable, X* ^Z 1 , X 1 -is weak* separable. Let (y n ) be a countable dense subset of (X ± , weak*). Since X* is separable and X* ^/^ by the Odell-Rosenthal Theorem [43] , each y n is the weak* limit of a sequence In particular, every Banach space with separable second dual has Polish ball [22] . This holds for separable quasi-reflexive spaces and the separable long James spaces /(α), a countable [17] .
An examination of this proof may suggest the following generalization. X= Π U lx**:p n (x**)< J
We do not know if every space with Cech complete ball has property (A). Theorem 4.14 is a step in this direction.
3.6. EXAMPLE. The predual B of the James Tree space JT satisfies property (A), hence has Polish ball. (Basic material on the space JT is in [30] , [38] .) Note that B is not a Godefroy space, since B ± is a nonseparable Hubert space [38, Theorem 1], and not weak* separable. The>>* z can be taken to be the usual boundedly complete basis in JT, called {e ni : 1 < / < 2", n G N) in [38] . The bi-orthogonal functionals {f nι } form a shrinking basis for B, and a weak* basis for JT* = 5**. If x e J?, then lim max \{x,e nι )\ = 0 n \<ι<2" (see Lemma 1 of [38] ). If *** e JT* \B, then limj(e mV JC**)| > δ > 0 for some branch {(«, i n )\ n e N} of the binary tree, so liminf max \(e nι , JC**)| > δ > 0.
n l<i<2
The space B has Polish ball, but fails the Radon-Nikodym property [38, Corollary 4], and is therefore not isomorphic to a dual space. The ball of JT is not Polish, since JT has non-separable dual. The space JT* does not have Cech complete ball, since it is not WCG. Since B c JT* and JT*/2? both have Cech complete ball, this shows that there is no three space property for Cech completeness of the ball. This proof that B has Polish ball is formally a strengthening of the fact that B has property (PC), which was asserted in [6] .
Cech complete ball implies property (PC); the converse holds for spaces with separable dual. The proof centers on the notion of a huskable set (in French, epluchable [21] , [22] ). It is convenient to state the definition in some generality.
3.7. DEFINITION. Let X be a Banach space, and let τ be a locally convex topology on X that is coarser than the norm topology. Another way to say this is: for each ε > 0, the collection of nonempty, relatively τ-open subsets of A with diameter less than ε is a pseudobase for (A, T). In practice, T will be either the weak topology on X or the weak* topology on a dual space. Kenderov [33] showed that a dual space has the RNP if and only if each weak* closed bounded set is weak* huskable. The term "huskable", unmodified, shall mean huskable in the weak topology. 
PROPOSITION. Let A be a norm-closed subset of X. Then A is τ-huskable if and only if the identity map (A, τ) -» (A 9 norm) is continuous at each point of a τ-dense τ-G δ subset of A.
Proof. Assume A is τ-huskable, and let U n = U{ U c A: U is relatively τ-open in A, and diam(ί7) < !/«}. Then Γi™ =1 U n is exactly the set of points of continuity of the identity. We need to show that this set is τ-dense in A. Let Fbe a non-empty, relatively τ-open subset of A. Choose recursively a sequence (W n ) of relatively τ-open subsets of V with diam(P^) < \/n and the τ-closure of W n in A contained in W n _ ι for each n. Since A is norm closed, the unique point in ΠW n is a member of V Π (Π U n ). This shows Π U n is dense in A.
The converse is left to the reader. Now assume A is separable in the weak topology. Then the normclosed linear span Y of A is norm-separable, so every subset of (A, norm) has the Lindelόf property. Let U be a non-empty, relatively open subset of (A 9 weak) and let ε > 0. Then U is a countable union of norm-closed balls of radius less than ε, intersected with U. Since (U, weak) is a Baire space, one of these weakly closed subsets of U must have a weak interior point (for the relative topology of U of A). This proves that A is huskable. D
The following is motivated by a similar result concerning dentability [40].
PROPOSITION. A subset A of X is huskable if each countable subset is huskable.
Proof. If A is not huskable, then there is a non-empty relatively weakly open subset U of A and ε > 0 such that each non-empty relatively weakly open subset of {/has diameter > 2ε. Choose any x 0 G U. Proof. The equivalence of (2), (3), (4) and their separable variants follows from 3.10 and 3.12. Proposition 3.9 shows that (2) => (1). Finally, the (separable) version of (1) implies the (separable) version of (2), since if A c X has no relatively weakly open subsets with diameter < ε, then the identity (A, weak) -> (A, norm) has no points of continuity. D
COROLLARY. Banach spaces with Cech complete ball and Banach spaces with the RNP have property (PC).
Proof. If X has the RNP, then every bounded subset is deniable [13, p. 136], and therefore every bounded subset is huskable. If X has Cech complete ball, then every weakly closed bounded subset is Cech complete, hence a Baire space. D
The properties (PC) and RNP are "separably determined". However, /(ω 1 ) and JT* (see §6) do not have Cech complete balls but every separable subspace has Cech complete ball. The predual B of JT has Polish ball, but fails the RNP. The space I 1 has the RNP, so that the unit ball is huskable for every renorming, but the ball is not Cech complete (since the dual of I 1 is not separable, see Lemma 3.1). The space JT* has (PC), but does not have Cech complete ball, and fails the RNP.
The next few results establish the equivalence of (PC) and Polish ball for spaces with separable dual. This leads directly to Theorem A.
, where F n is closed and U n is open in (***, weak*).
Of course, if X* is separable, then (B x **, weak*) is metrizable, so a set of the form Γ\™ =ι (F n U U n ) is a G δ -set. Assertion (3) of the following shows that quasi-Cech completeness is preserved by linear homeomorphisms. 9 where F n is compact and U n is open in w*cl(^4); (4) If A is any weakly closed bounded subset of X, then w*cl(^4) \A is weak* σΊocally compact.
PROPOSITION. The following conditions on a Banach space X are equivalent: (1) X is quasi-Cech complete; (2) (X**\X 9 weak*) is σ-locally compact; (3) // A is any weakly closed bounded subset of X, then
Proof. To see that (1) <=> (2), note that locally compact spaces are precisely the open subsets of compact spaces. Thus if X is quasi-Cech complete, then X = Π^= =1 (F n U U n ), so that x**\x= U \J((X**\F n )n(kB x **\U n ))
is σ-locally compact. The argument is reversible. The proof that (3) <=> (4) is similar. For (2) => (4), observe that w*cl(A)\A is a closed subset of X**\X. For (4) =^ (2), consider A = B x . Ώ
PROPOSITION. For Banach spaces, Cech complete ball => quasiCech complete => (PC).
Proof. The first implication is clear. If X is quasi-Cech complete, and A is a weakly closed bounded subset of X, then (by 3.16 (3)) By adjoining the interior of F n to U n , we may assume that each U n is weak* dense in w*cl(yί). Thus A is residual in w*cl(yl). Now 3.10 and 3.13 show that X has property (PC). D
The next result is the main step in the proof of Theorem A. Part (2) can be deduced from a theorem of Hurewicz [28] on analytic sets. We include here a self-contained proof. (A a ) a<ωι is a strictly decreasing sequence of weakly closed sets. Since X is separable, every subset of (X, weak) is Lindelδf, so A\ n A a = u (Λ\ΛJ= u u\Λ γ ) for some γ < ω l9 which contradicts the strictly decreasing property of the A a . Hence there is a least γ such that A y = 0. Let B a = w*cl(^ J, C a = B a U (U β<a U β ) for each a < γ. Then
We claim that if x** e H a < Y Q, then J(x**, ^) < ε. If x** e B a Π t/ α for some α < γ, then certainly d(x**, ^4) < ε, since there is F G Φ α with x** e B a Π F c w*cl(^α n F), and diam(^α n F) < ε. But if *** e Π fl < y Q, then x** G 5 O . But x** ί 2? γ , so there is a least α 0 such that x** £ i? αo . Since x** G C αo , we have x** G Uβ for some )δ < α 0 . Thus x** G 5g°n U β . So d(x**, ^ί) < ε, as claimed.
Since A is weakly closed in X, it is norm closed in Z**. If we take ε = \/n in the preceding discussion, we obtain (C an ) a<Ύ j and so A = n n Q, n . « = 1 <*<γ, 2 332
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Each C an is the union of a closed set and an open set in (X**, weak*). So Zis quasi-Cech complete.
(2) If X* is separable, then X is separable, so the preceding construction can be carried out. But (B x **> weak*) is metrizable, so the weak* compact sets B a are G δ sets in w*cl(^4). Thus each C α is a G δ , so A is a G δ , and thus A is Cech complete. D
The significance of quasi-Cech completeness lies in the fact that (for separable X) it gives a one-set criterion for property (PC), as opposed to conditions on all closed bounded sets. Proof. For separable spaces, (1) and (2) are ways of saying that X has Cech complete ball, using 3.2. Also, (3) and (4) are ways of saying that X has (PC) and X* is separable, using 3.13. Thus the equivalence of (l)- (4) follows from 3.18. D Property (3) is intersecting even in nonseparable Banach spaces. If X has property (PC) and X is an Asplund space, we say that X has property (PCA). Equivalently, X has (PCA) if and only if every separable subspace has Polish ball, or every separable subspace has Cech complete ball. Examples of spaces with (PCA) are/(io x ) and JT* (see §6).
Another consequence of Theorem A is that if X is separable, and both X and X* have RNP, then X has Polish ball. The converse is false: the space B of Example 3.6 has Polish ball, but fails the RNP. Proof. Since every separable subspace of X has Cech complete ball, it suffices to show that every infinite-dimensional space X with Cech complete ball contains an infinite-dimensional reflexive subspace. First, X**\X = U™ =ι K n , where each K n is weak* compact. For each n, let <% n = {UQX: U is a weakly open set with w*cl(C/) n K n = 0). Each ό U n is an open cover of (X, weak). Then (^n)^= 1 is a complete sequence of open covers for B x . Indeed, if J^is a family of closed subsets of B x with the finite intersection property that is °lί n small for each n, then Π / r €^w *cl(i 7 ) is a non-empty subset of X** disjoint from all K n , so (λ F^F Φ 0.
We proceed with a recursive construction. Spaces with Cech complete ball are separately distinguished, according to the next result.
THEOREM. Let X be a Banach space. The following are equivalent: (1) X is separably distinguished', (2) X is isomorphic to R θ S, where R is reflexive and S* is separable; (3) There is a non-empty G δ set in (X** 9 weak) that is contained in X.
Proof. (1) => (2) . Choose a separable subspace Y of X* such that γ± = I JC #*. ζy^ JC **\ ) = Q for aU y e yj ^ a Su b space Q f X A s i n t h e proof of Theorem B, R x = Y 1^ is reflexive, X/R λ has separable dual, and X is WCG. Moreover, Y = (X/R x )* is a separable dual space, so it has RNP [13, p. 79]. Also, X*/Y = R* has RNP, since it is reflexive [13, p. 76] . Thus X* has RNP [15, Theorem 6.3], so X is an Asplund space [51] . The remainder of the argument in Theorem B shows that X is isomorphic to R Θ 5, where R is reflexive and S is separable. Since X is an Asplund space, S* is separable.
(2) => (3). Let (/") be norm dense in S*. Then A = Π^= ι f~\0) is a weak* G δ in X**. If *** e Λ, then c** e Λ Θ {0} c X (3) => (1). Let U be a G δ -set in (X**, weak*) with x 0 e ί/ c X Then F = ί/ -JC 0 is a G δ set and OGFCISO there is a countable subset C of X* such that C x c F c X (as in the proof of Theorem B). If Y is the closed span of C, then 7^ c X, so Xis separably distinguished. D Note that (3) cannot be replaced by (3'): There is a non-empty G δ set in (B x **, weak*) that is contained in B x . Indeed, the usual norm on I 1 is a Kadec norm, so the unit sphere of I 1 is such a G δ , but I 1 fails (2).
COROLLARY. Suppose X is separably distinguished. Then X is WCG and an Asplund space, and X* is WCG. The spaces (B x *, weak*) and (B x **, weak*) are Eberlein compacts.

THEOREM. Let X be a Banach space. Then the following are equivalent: (1) X* has Cech complete ball; (2) X**/X is separable; (3) X is isomorphic to R Θ S, where R is reflexive and 5** is separable.
Proof. (1) => (2). Since X* has Cech complete ball, the space X***\X* = {x* + x ± :x* eX*,χ ± eX ± ,χ ±^ 0}
is weak* σ-compact. Now X 1 -is weak* closed, so X 1 -Π(X***\X*) = X ± \{0} is weak* σ-compact. Thus {0} is a weak* G δ in X x = (X**/X)*, so there is a countable subset C of X**/X with C x = {0}. Thus the norm closed span of C is X**/X, so X**/Xis separable.
(2) => (3) is a result of Valdivia [54] . Note that X**/X and S**/S can be identified. 
COROLLARY. // X* has Cech complete ball, then X (and every quotient space of X) has Cech complete ball.
Proof. Let Z = X/Y be a quotient of X. Then Z**/Z is separable since X**/X is separable [41] . So by 4.5, Z = R Θ S, where S** is separable, so Z has Cech complete ball, by 3.4. D Thus a dual space with Cech complete ball must have the RNP, since it is the dual of an Asplund space (or, alternatively, since it is WCG). The predual B of James Tree has Polish ball, but fails the RNP [38] , and its dual JT does not have Cech complete ball (since JT* is not separable).
Clark [7] proved that if X**/X is separable, then X and X* are somewhat reflexive (see also [10] , [31] ). Here 4.5 and 4.7 show that the conclusion can be strengthened to: X and X* have Cech complete ball. Kuo [35] proved that if X**/X is separable, then X* and X** have the RNP. This follows from 4.5, which shows that such an X* or X** is a sum of a reflexive space and a separable dual space.
EXAMPLE. If S is a separable Banach space, let X = JL(S)
denote the associated James-Lindenstrauss space [29] , [36] . In more detail, X* is separable, and admits a quotient map π onto S. If j: X -> X** is the canonical embedding, then X** = j(X) Θ π*(S*). The space Y = ker π is a predual of X, since 7* = Jf**/(ker π ) ± Thus X always has Polish ball (whether or not S does). By 4.5, the space X* has Polish ball if and only if S* is separable.
PROPOSITION. The quotients of spaces with Polish ball are precisely the spaces with separable dual.
Proof. If X has Polish ball and π maps X onto 7, then 7* c X* is separable. Conversely, if 5* is separable, then JL(S)* has Polish ball and has S as a quotient. D
Since c 0 has separable dual, it can be the quotient of a space with Polish ball, so I 1 can be a subspace of a dual of a space with Polish ball. In fact, Example (2) in §6 has Polish ball and dual isomorphic to I 1 .
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If X has Cech complete ball (or is even separably distinguished), then (X**, weak) must be realcompact. Indeed, I=i?θ5, where S* is separable. Thus (S***, weak*) is separable, so (S**, weak) is realcompact, using Corson's criterion [8, Lemma 9] . Not much more than realcompactness can be expected for X** where X has Cech complete ball. If X = JL(/ X ) then X has Polish ball, but l°° is a direct summand of X**, so X** fails the Pettis integral property. It may be helpful to consult Figure 1  of [16] ; M. Talagrand has recently shown that property (C) implies the Pettis integral property.
We have no characterization of the remainders X**/X, for X with Cech complete ball. Any such remainder is a quotient of the dual of a separable space, hence has at most the cardinal of the continuum. If Γ* = lθ 7, where Y has Cech complete ball, then X has Cech complete ball if and only if Y is separable. Indeed, if Y is separable, then χ**/χ[ s separable, so X* has Cech complete ball (4.5), and hence Xhas Cech complete ball (4.7). Conversely, if X has Cech complete ball, then X** = x e y has Cech complete ball, so X* has Cech complete ball (4.7), and hence Y = ^Γ**/^Γis separable (4.5).
As an example, let / be James' original quasi-reflexive space of order 1. Then an uncountable (5) and (2) => (6) . Since property (C) is preserved by continuous images, (5) => (6). Since Z 1^) fails property (C), we have (5) => (7). Also (7) =* (8),
for if X* <-l\ then /°° is a quotient of ***. But l°° «-l\« λ ) 9 so Z 1^) is a quotient of some subspace of ^**, and thus (by 2.2(1)) we have X** <-/H^x).
Thus it is enough to show (6) => (5), (4) => (8), (8) => (1) for separably distinguished spaces.
(6) => (5). Suppose X**/X has property (C). Since X is separably distinguished, it is WCG (by 4.4), hence weakly Lindelδf, and thus X has property (C). Then Z** has (C) by the three-space property [45] . (4) Proof. Assume X has regularly embedded Cech complete ball. Then X**\X= \J™ =ι K n , where each K n is weak* compact, convex, and d{K n , X) > ε n > 0. If 7r is the quotient map from X** onto X**/X, then π(K n ) is convex, and does not contain 0 in its norm closure. Therefore there exists f n e B x ± such that f n (π(x**)) > e n for all x** e K n . So X= {*** G X**: f n (ir(x**)) = 0 for all n) = {/": n^N} ± , so X ± = {/ π : « e N}-1 --1 is weak* separable. Conversely, let (j n ) be a countable dense subset of (X 1 -, weak*). By the Odell-Rosenthal Theorem [43] , for each n there is a sequence (xJ Λ ) in X* that converges to y n in the weak* topology. Then Z**\X is a countable union of sets of the form Proof. First suppose X is separable. Let (Ω, Σ, μ) be a probability space, and let F: Σ -> X be a vector measure with H^ί 1 )!! < μ(£) for all E e Σ. This measure has a weak* density in X** (see [13, p. 84] ), that is, a weak* measurable function /: Ω -> X** such that (/ Γ (J?),x*) = / £ (JC*, f(ω))dμ(ω) for all £ e Σ and X* e X*. We will show that/has almost all of its values in X. Since X has Polish ball, X* is separable, so K n is a weak* Baire set in Jf**, so
is in X, so not in ^Γ π , so by the Hahn-Banach theorem there is x* e X* and α such that
a contradiction. Thus μ(D n ) = 0 for all n 9 so/(ω)Gl for almost all ω. Then/(redefined to be 0 on a μ-null set) is weakly measurable, and is the Pettis derivative of F. Since X is separable, / is Bochner integrable. This shows that ^ίhas the RNP. Now consider the nonseparable case. By Theorem B, X = R Θ S, where R is reflexive and S is separable. Then S 1 ** can be identified with where each *S** Π K n is also weak* compact and convex. By the first part of the argument, S has RNP. Therefore X= RΘ S also has RNP. D
The predual B of the James Tree space has Cech complete ball, but fails the RNP. The weak* compact sets K n in the decomposition of B**\B can be chosen to have positive distance from B, but not to be convex.
Property (A) is defined in 3.5.
4.14. THEOREM. Let X be a Banach space. Then X has property (A) // and only if there exist weak* compact sets K n in ^** with d(K n , X) > 0 such that X** \ X = U^ K n .
Proof. Assume X has property (A), that is, there exist norm-one vectors^* G X* (1 < / < m n , n e N) such that if p n (x**) = max{|(y*, x**>|: 1 < / < m n } 9 then limp n (x) = 0 for all x e X but liminf p n (x**) > 0 for all %** e X**\X.Let L k m = rnB x ** Π {***:/>"(***) > \/k for all n >k).
For the converse, suppose first that Jf is separable. Let (x y ) be dense in X and let X** \ X = U^= 1 K n , where d(K n9 X) > ε n > 0. So if *** G ϋ: Λ , thenrf(x**, X) > ε π , so there exists g x ** e ^ c ^r*** with||g^»|| = 1 and (x**, g x **) > ε n . We can find, for iEN, functionals g x ** tk ^ B x * with (xj, g x **^k) < \/k for 1 <j < k and (x**, g x **, k ) > ε n . This shows that, for each k, so (by compactness of K n ) there is a finite subcover, say i where / runs over a finite set {1,2,... ,m nh ), and/ w/A: e B x *, (x , / rt/Λ ) < \/k for 1 <j < k, and if*** e #", then max^^m^ (x**, f nik ) > ε n for all k. Define P k (x**) = max{|(x**,O|: 1 < n < k, 1 < i < m nk }.
Now if x** £ X then x** G ίΓ π for some n, so that P k (x**) > ε n for all k > n. On the other hand, if x e X and ||x|| = 1, then given ε > 0 there exists j with ||x -x 7 -|| < ε/2. If k > max{y, 2/ε}, then for n < k and 1 < / < m nk , we have
Thusp k (x) < ε. This shows that X has property (A). For the nonseparable case, observe that X has Cech complete ball, so X = R Θ S, where R is reflexive and S has Polish ball. Thus 5** = S 1 x is weak* closed in (***, weak*), so S**\S = U™= 1 (S ±± ΓιK n ). By the separable case, S has property (A), and it follows that X does too. D
A factorization theorem for property (PC).
The main theorem of this section employs a version of the Principle of Local Reflexivity. We record it here for convenience. A proof is sketched in [32] .
5.1. PROPOSITION. Let X be a Banach space, U and F finite-dimensional subspaces of X** and X* respectively, ε > 0. Then there is a one-to-one linear operator T: U -> X such that (1) Tx = x for all x e X Π U; (2) x**),x*) = {x*, x**) for all x* e F, x** e ί7; αnc/(3) ||Γ|| ||Γ x || < 1 + ε.
Note that if ΛΓ n t/ # {0}, then (1) implies ||7|| > 1 and HΓ^H > 1, so by (3) we have ||7|| < 1 + ε, IIΓ" 1 !! < 1 + ε. Proof, Let i: 7 -> X be the inclusion and π: X -> ΛΓ/y the quotient map. Let X* = 7-1 Θi% where i 7 is isomorphic to 7*. Then there is a linear isomorphism u: 7* -> X* of 7* onto the closed subspace F of X*, so that /*°w is the identity on 7*. The space X** is isomorphic to (X**/Y ± ± ) Θ 7**, with projections π** and u*. There is an a < oo such that ||***|| < α(||w*(jc**)|| + |k**(***)||) for all x** e= X**. Choose n Q such that 2 n° > max(2α, 2,1 + 2||κ*||). We will use the following notation for the binary tree T = U^= o {0' 1} Π > and the Cantor set Δ = {0,l} N . If t e {0,1}", its length is n 9 \t\ = n. If k < n, the restriction *| & is the element of (0, \} k that agrees with t in the first k terms. Similarly, if T e Δ, then τ|Λ e (0,1}* is an initial segment.
For t e {0,1}", its two successors in {0,1}" +1 are written ίθ and t\. We write 0 for the element of {0,1}°.
For each t e Γ, we will choose vectors x r e ^4, y t G 5, a basic neighborhood ^ of 0 in (7, weak) , and a weakly open subset W t oί X/Y such that 7r(x f ) e WP^. We do this recursively on T. Now suppose, for some t G T, that x t9 y n V n W t have been constructed. Let n = \t\. Now V t is a basic neighborhood of 0 in 7, so there is a finite subset {/ y } y m =1 of 7* such that V t = {y: \(y 9 fj)\ < 1, 1 <j < m). Let// = «φejf, and let U t ={x: \(x 9 fj)\<l 9 l<y<m}, a neighborhood of 0 in X. Now X/Y has (PC), so W t contains a weakly open set W t0 = W^ such that π((U t + *,) Πi)Π^0 is nonempty and has diameter less than 2' Proof. If Jf has Polish ball, then this follows from 5.2, since X ± is always complemented in X***. The general case follows from Theorem B: since X has Cech complete ball, X = R ® S where R is reflexive and S has Polish ball. But S**/S = X**/Xhas (PC), so 5** has (PC). The reflexive space R has (PC), so X = R Θ S has (PC). D
As an illustration, consider the dual JT* of the James Tree space JT. In Example 3.6, we showed that the predual B of JT has Polish ball. But JT*/5 is a nonseparable Hubert space [38] , so it has (PC). Therefore JT* has (PC). It is useful to note that JT* is a nonseparable dual of a separable space, so it fails the RNP [50] .
We do not know if hypothesis (3) is necessary for 5.2, nor if (1) can be weakened to "Y has Cech complete ball", or even to "Y has (PC)".
Bourgain [3] has considered a convex version of (PC). We will say that a Banach space X has property (*) iff for each weakly closed bounded convex subset A of X, the identity map (A, weak) -> (A, norm) has at least one point of continuity. We do not know if this is equivalent to (PC). An argument similar to 3.11 shows that a Banach space has (*) if and only if every separable subspace has (*). An argument similar to [9] can be given to show that X has (*) if and only if (B x , weak) is huskable for every equivalent norm on X. If X is separable, this is equivalent to saying that B x is a Baire space for every equivalent norm on X. We omit the proofs.
The (1) => (2) . Let Y be the closed linear span of A. Then Y has Polish ball, so A is metrizable.
(2) => (1). Let d be a metric for (A, weak). If A is not separable, then there is an uncountable set {a{. i e /} and ε > 0 such that d(a n a^ > ε for / Φ j. Now X = R Θ S, where R is reflexive and S is separable. Let a t = r ιr + s t for / e /, where η e i?, s t e S. Since S is separable, there is a net (s iχ ) that converges in norm (perhaps s iχ is constant). Since R is reflexive, by taking a subnet we see that (a t ) has a weak cluster point in A, a contradiction. D
Here is another application of Cech completeness. A topological space T is said to have a G δ diagonal iff {(/, /): / e T) is a G 8 6. Examples. Table 1 displays the properties of several Banach spaces. We include here some brief explanations.
(1) X = B, the predual of the James Tree (Example 3.6, [30], [38] ). It has property (A), but B X **\B X is not a countable union of weak* compact convex sets. It has Polish ball but is not isomorphic to a dual space, nor complemented in its second dual. It has property (PC), but not RNP. The dual space J3* = JT does not have Cech complete ball.
(2) X = BD, a space constructed by Bourgain and Delbaen called Ύ in [5] , [4] . It is a separable J? 00 space, has Polish ball, and has the Dunford-Pettis and Radon-Nikodym properties. The dual X* is isomorphic to I 1 . The space X has no infinite-dimensional reflexive quotients. (4) X = /(α), the long James space [17] . If a is a countable ordinal, then X** is separable, so Jfhas regularly embedded Cech complete ball.
(5) X = /(ω 1 ). This nonseparable space has property (PCA), so every separable subspace has Cech complete ball, and X is somewhat reflexive. But J(ω λ ) is not WCG, so its ball is not Cech complete.
(6) X = JH, and James Hagler space [25] . This space X is hereditarily c 0 , and X* is a Schur space. Hence no infinite-dimensional subspace of X or X* has Cech complete ball. The separable subspace F of JH* [6] has (PC) but fails the RNP.
(7) X = JT, the James Tree space (Example 3.6, [30] , [38] ). Now X is separable, X**/Xis reflexive, Xis somewhat reflexive, but B x is not Cech complete.
(8) X = JT*, the dual of the James Tree space (Example 3.6, [38] , [38] ). This space is an Asplund space and has (PC), but not the RNP. Thus every closed bounded subset of (JT*, weak) is huskable, but this is not true for (JT*, weak*). There is a subspace B c X with Polish ball such that X/B is reflexive, but X does not have Cech complete ball.
(9) X = l\ This space X has the RNP, but X** fails (PC), since it contains L x [0,1]. For any equivalent norm (B x , weak) is almost Cech complete, but no nonempty G δ set of (X**, weak*) is entirely contained in X. (11) X = JL(c 0 ), a James-Lindenstrauss space (Example 4.8). If S is separable, the James-Lindenstrauss space JL(S) can be constructed so as to have property (A). The spaces JL(S) are separable duals, so they have the RNP. For X = JL(c 0 ), the bidual X** is separable, but X**/X does not have Cech complete ball. Also, B x * is Cech complete, but X* admits c 0 as a quotient.
(12) X= JL (l ι ). This space X has Cech complete ball, but X* contains a complemented copy of /\ and X**/X fails the Pettis Integral Property. Also, X is a dual space that has Cech complete ball with a quotient that is not somewhat reflexive. The annihilator X x is weak* separable, but B x ± is not weak* sequentially compact.
(13) X = JL(JT). Now B x is Cech complete, X* *P l\ but neither X** nor X**/X is measure-compact. Also, X is a Godefroy space, but B x * is not Cech complete.
